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In Randall-Sundrum-type brane-world cosmologies, density perturbations generate Weyl curvature
in the bulk, which in turn backreacts on the brane via stress energy gradients. On super-Hubble
scales, the perturbation equations form a closed system on the brane, which may be solved without
knowledge of the bulk dynamics. Bulk eects produce a non-adiabatic mode, even when the matter
perturbations are adiabatic, thus altering the standard evolution of large-scale fluctuations in general
relativity. The metric perturbation is not constant during high-energy inflation and the early high-
energy radiation era.
I. INTRODUCTION
According to string and M-theory, gravity is a
higher-dimensional theory, reducing to Einstein’s four-
dimensional theory of general relativity at low enough en-
ergies. In the brane-world scenario, the standard model
matter elds are conned to a 3-brane in 1+3+d dimen-
sions, while the gravitational eld can propagate in the
bulk, i.e., also in the d extra dimensions, being localized
at the brane at low energies. Recent developments show
that the d extra space dimensions need not be small,
or even compact, thus allowing the intriguing possibility
that corrections could occur even at TeV scales.
These exciting theoretical developments may oer a
promising route towards a quantum gravity theory. How-
ever, as well as theoretical elegance, they must also pass
the increasingly stringent tests provided by cosmological
observations. Primarily, this involves developing higher-
dimensional perturbation theory and then applying it to
analyze the generation and evolution of density and ten-
sor perturbations on the brane, leading to a prediction
of the CMB anisotropies and galaxy distribution.
This is an ambitious and dicult program, but initial
steps have already been taken, at least in the case of a
particular class of models that generalize the Randall-
Sundrum models [1]. Super-Hubble adiabatic density
perturbations from inflation on the brane have been com-
puted [2], using the conservation of the comoving curva-
ture perturbation, which is independent of the form of
the eld equations [3], and neglecting the eect of fluc-
tuations arising from the fth dimension. In the general
case, i.e., incorporating also fluctuations in the nonlocal
quantities that carry the bulk influence onto the brane,
it has been shown that super-Hubble scalar perturba-
tions obey a closed system on the brane, and thus can in
principle be evaluated without knowledge of bulk dynam-
ics [4]. The general bulk perturbation formalism has been
developed [5], and a rst application has been made to
super-Hubble tensor perturbations from inflation on the
brane [6].
Here we develop the outline argument presented rst
in [4], and analyze super-Hubble density perturbations
and their evolution after Hubble crossing in inflation
through the radiation era. This provides the basis for
predicting the large-angle anisotropies generated in CMB
temperature, and seeing how the bulk eects modify gen-
eral relativistic predictions.
II. BRANE DYNAMICS
We follow the approach and notation of [4]. The 5-
dimensional (bulk) eld equations are
eGAB = eκ2 h−eegAB + δ(χ) f−λgAB + TABgi , (1)
where tildes denote the bulk generalization of standard
general relativity quantities, and eκ2 = 8pi/fM3p , where fMp
is the fundamental 5-dimensional Planck mass, which is
typically much less than the eective Planck mass on
the brane, Mp = 1.2  1019 GeV. The brane is given
by χ = 0, so that a natural choice of coordinates is
xA = (xµ, χ), where xµ = (t, xi) are spacetime co-
ordinates on the brane. The brane tension is λ, and
gAB = egAB − nAnB is the induced metric on the brane,
with nA the spacelike unit normal to the brane. Matter
elds conned to the brane make up the brane energy-
momentum tensor TAB (with TABnB = 0). The bulk
cosmological constant e is negative, and is the only 5-
dimensional stress energy. The most general background
with homogeneous and isotropic induced metric on the
brane is the 5-dimensional Schwarzschild-anti-de Sitter
metric [7], with the black hole mass leading to an eec-
tive radiation-like correction to the Friedmann equation
on the brane [8].
The eld equations induced on the brane are derived
via an elegant geometric approach in [9], leading to new
terms that carry bulk eects onto the brane:
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Gµν = −gµν + κ2Tµν + eκ4Sµν − Eµν , (2)
where κ2 = 8pi/M2p . The various energy scales are related
to each other via
λ = 6
κ2eκ4 ,  = 12eκ2
e + 16eκ2λ2 , (3)
and the high-energy regime is ρ > λ. Bulk correc-
tions to the Einstein equations on the brane are of two
forms: rstly, the matter elds contribute local quadratic
energy-momentum corrections via the tensor Sµν , and
secondly, there are nonlocal eects from the free gravi-
tational eld in the bulk, transmitted via the projection
Eµν of the bulk Weyl tensor. The matter corrections are
given by
Sµν = 112Tα
αTµν − 14TµαT αν
+ 124gµν
h
3TαβT αβ − (Tαα)2
i
. (4)
The projection of the bulk Weyl tensor is
EAB = eCACBDnCnD , (5)
which is symmetric and traceless and without compo-
nents orthogonal to the brane, so that EABnB = 0 and
EAB ! EµνgAµgBν as χ ! 0. The Weyl tensor eCABCD
represents the free, nonlocal gravitational eld in the
bulk. The local part of the bulk gravitational eld is the
Einstein tensor eGAB, which is determined via the bulk
eld equations (1). Thus Eµν transmits nonlocal gravita-
tional degrees of freedom from the bulk to the brane, in-
cluding tidal (or Coulomb), gravito-magnetic and trans-
verse traceless (gravitational wave) eects.
If uµ is the 4-velocity comoving with matter (which
we assume is a perfect fluid or minimally-coupled scalar
eld), we can decompose the nonlocal term as
Eµν = −6
κ2λ
U (uµuν + 13hµν + Pµν +Qµuν +Qνuµ ,
(6)
where hµν = gµν +uµuν projects into the comoving rest-
space. Here
U = − 16κ2λ Eµνuµuν
is an eective nonlocal energy density on the brane (which
need not be positive), arising from the free gravitational
eld in the bulk. It carries Coulomb-type eects from
the bulk onto the brane. There is an eective nonlocal
anisotropic stress






on the brane, which carries Coulomb, gravito-magnetic
and gravitational wave eects of the free gravitational
eld in the bulk. The eective nonlocal energy flux on
the brane,
Qµ = 16κ2λhµαEαβuβ ,
carries Coulomb and gravito-magnetic eects from the
free gravitational eld in the bulk. (Note that there is no
energy flux in the bulk, and thus no transfer of energy
between bulk and brane; this situation changes if bulk
scalar elds are present [10].)
III. LOCAL AND NONLOCAL CONSERVATION
EQUATIONS
The local and nonlocal bulk modications may be con-
solidated into an eective total energy-momentum ten-
sor:
Gµν = −gµν + κ2T totµν , (7)
where






The eective total energy density, pressure, anisotropic
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ρ
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The brane energy-momentum tensor separately satis-
es the conservation equations, rνTµν = 0, giving
_ρ + (ρ + p) = 0 , (13)
Dµp + (ρ + p)Aµ = 0 , (14)
where a dot denotes uνrν ,  = Dµuµ is the volume
expansion rate of the uµ congruence, Aµ = _uµ is its 4-
acceleration, and Dµ is the projected covariant spatial
derivative. The Bianchi identities on the brane imply





which shows how nonlocal bulk eects are sourced by lo-
cal bulk eects, which include spatial gradients and time
derivatives. Thus evolution and inhomogeneity in the
matter elds can generate nonlocal gravitational eects
in the bulk, which backreact on the brane. The brane
energy-momentum tensor and the consolidated eective
energy-momentum tensor are both conserved separately.
Conservation of T totµν gives, upon using Eqs. (9){(14),
propagation equations for the nonlocal energy density U
and energy flux Qµ. In linearized form, these are
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_U + 43U + DµQµ = 0 , (16)
_Qµ + 4HQµ + 13DµU + 43UAµ
+ DνPµν = − 16κ4(ρ + p)Dµρ , (17)
where H = _a/a (= 13) is the Hubble rate in the
background. The nonlocal tensor mode, which satises
DνPµν = 0 6= Pµν , does not enter the nonlocal con-
servation equations. Furthermore, there is no evolution
equation for Pµν , reflecting the fact that in general the
equations do not close on the brane, and one needs bulk
equations to determine brane dynamics. There are bulk
degrees of freedom whose impact on the brane cannot be
predicted by brane observers. The evolution of the non-
local energy density and flux, which carry scalar and vec-
tor modes of the bulk gravitational eld, is determined on
the brane, while the evolution of the nonlocal anisotropic
stress, which carries scalar, vector and tensor modes of
the bulk eld, is not.
The generalized Raychaudhuri equation on the brane
in linearized form is
_ + 13
2 − DµAµ + 12κ2(ρ + 3p)− 






where the general relativistic case is recovered when the
right-hand side is set to zero. In the background, this
gives



















where the solution for U follows from Eq. (16). The rst
integral of this equation is the generalized Friedmann























where K = 0,1.
IV. SCALAR PERTURBATIONS ON THE BRANE
Scalar perturbations are covariantly and locally char-
acterized as the case when all quantities are expressible
as spatial gradients of scalars; in particular, the nonlocal
bulk eects are described by DµU and [4]








For adiabatic matter perturbations the 4-acceleration is









Dµρ , Zµ = aDµ , (23)
describe inhomogeneities in the matter and expan-
sion [11], and the dimensionless gradients describing in-




DµU , Qµ = 1
ρ
DµQ , Pµ = 1
aρ
DµP . (24)
We take the spatial gradient of the energy conservation
equations (13) and (16), and the generalized Raychaud-
huri equation (18), to arrive at a system of equations for
these gradient quantities [4]. The gradients dene scalars
via their comoving divergences:
F  aDµFµ , with F = , Z, U, Q, P , (25)
where  is a covariant analog of the Bardeen density
perturbation m (see [11]). Then the system of equations
governing scalar perturbations on the brane follows from
the gradient system given in [4] as
_ = 3wH− (1 + w)Z , (26)






































Z − aD2Q , (28)











− κ4ρ2(1 + w)

 . (29)
In general relativity, only the rst two equations apply,
with λ−1 set to zero in Eq. (27). In this case we can
decouple the density perturbations via a second-order
equation for , whose independent solutions are adia-
batic growing and decaying modes. Nonlocal bulk ef-
fects introduce important changes to this simple picture.
There is no equation for _P , so that in general, scalar per-
turbations on the brane cannot be predicted by brane
observers without additional information from the unob-
servable bulk.
However, there is a crucially important exception to
this, arising from the fact that P only occurs in Eqs.
(26){(28) via the Laplacian term D2P . Thus on super-
Hubble scales, the system closes on the brane, and brane
observers can predict scalar perturbations from initial
conditions intrinsic to the brane. The system reduces
to 3 coupled equations in , Z and U , plus an equation
for Q, which is decoupled from the density perturbations
3
, and which is determined once the other 3 quanti-
ties are solved for. Thus there are in general 3 modes
of super-Hubble density perturbations; a non-adiabatic
mode is introduced by bulk eects. This mode is carried
by fluctuations U in the nonlocal energy density U , which
are present even if U vanishes in the background. The
fluctuations Q and P in the nonlocal energy flux and
anisotropic stress do not aect the density perturbations
on very large scales.
In qualitative terms, we can interpret these general re-
sults of [4] as follows. Bulk eects lead to an eective to-
tal energy-momentum tensor that is non-adiabatic. From
Eqs. (9) and (10),









(4Uµ − 3ρUµ) , (30)
while Eqs. (11) and (12) show that non-adiabatic stresses
and fluxes are also present. From this viewpoint, it is not
surprising that non-adiabatic modes arise in the density
perturbations, whose evolution is governed by (general-
ized) energy-momentum conservation (rνT totµν = 0) and
the generalized Raychaudhuri equation. Furthermore,
anisotropic stresses do not aect super-Hubble scales,
which can explain how the scalar perturbation equations
close on the brane in this case, since the generalized con-
servation equations (13){(17) form a closed system in the
absence of Pµν .
Note that an alternative interpretation is also possible.
We can regard the nonlocal bulk eects as constituting
a radiative \Weyl" fluid, with energy-momentum ten-
sor −κ−2Eµν . This Weyl fluid has non-adiabatic stresses
Pµν , and is in motion relative to the matter fluid, with
relative velocity parallel to Qµ. Although the matter
fluid obeys energy-momentum conservation, the Weyl
fluid does not; the momentum balance equation (17)
shows that density inhomogeneity in the matter fluid
sources a momentum transfer to the Weyl fluid.
Whatever intuitive interpretation we adopt, the con-
crete result is that super-Hubble density perturbations on
the brane may be determined without knowledge of the
bulk, and acquire a non-adiabatic mode due to eects
from the free gravitational eld in the bulk.
V. SUPER-HUBBLE DENSITY
PERTURBATIONS
It is also useful to dene [11]
 = κ2ρa2 , (31)
which is a covariant analog of the Bardeen metric poten-
tial H , and the covariant local curvature perturbation
C = aDµCµ , Cµ = a3DµR , (32)
where R is the Ricci curvature of the surfaces orthogonal
to uµ. (Note that these surfaces are in general shearing
and inhomogeneous in ρ, U and R.)
Then the coupled system for density perturbations,




















































The general relativistic case is recovered when we set
λ−1, U and U to zero; in this case, Eq. (35) falls away,
and Eq. (34) reduces to
C = Co , _Co = 0 , (36)
which expresses local conservation of the covariant cur-
vature perturbation along each fundamental world-line.
Bulk eects destroy this local conservation in general, by
Eq. (34). However, there is an important special case
when local conservation is regained: when the nonlocal
energy density vanishes in the background, i.e., U = 0.
This does not mean that fluctuations in the nonlocal en-
ergy density are zero, i.e., we have U 6= 0. It can be
argued that this case is more natural, if one believes
that the bulk background should be conformally flat,
and thus strictly anti-de Sitter. (Quantum eects may
nucleate a black hole in the bulk [12], in which case
the Schwarzschild-anti de Sitter bulk, with Uo propor-
tional to the black hole mass, would be a natural back-
ground.) From now on, we will assume a conformally flat
background bulk and a spatially flat brane background;
thus U = 0 = K in the background generalized Fried-
mann equation (20). Equation (30) shows that the non-
adiabatic total pressure perturbation is proportional to
(ρ/λ)U , which will be enhanced at high energies and sup-
pressed at low energies.
When U = 0, Eq. (35) gives
U = Uof , _Uo = 0 , f = exp
Z a
ao
(3w − 1) d lna , (37)
























where N = ln(a/ao) is the number of e-folds. This is
a simple inhomogeneous linear equation which may be
integrated along the fundamental world-lines. Along each
world-line, the constancy of Co and Uo allows us to track
the change in  as w changes, from inflationary behavior
through to radiation- and matter-domination.
We can perform a qualitative analysis of the evolution
of  as follows. For slow-roll inflation, w is very nearly
constant, and since the reheating transition to the radi-
ation era is much shorter than the characteristic time-
scale for super-Hubble modes, we can neglect reheating
dynamics and treat the transition to w = 13 as instanta-
neous, as a rst approximation. Then f = exp(3w−1)N .
Following a mode that is super-Hubble during inflation
and also late in the radiation era, there are 3 regimes:
high-energy slow-roll inflation, V  ρ  λ (V is the in-
flaton potential); the initial, high-energy, radiation era,
when ρ  λ still holds; the low-energy radiation era,
when redshifting ensures that ρ  λ, and the back-
ground dynamics is general relativistic. We expect sig-
nicant modications to general relativity in the high-
energy regimes. The approximate non-decaying solutions
of Eq. (38) in the 3 regimes are:
h−e inf  6(1 + w) λ
V
Co , (39)





l−e rad  13Co . (41)
From Eq. (39) we see that  is slowly increasing dur-
ing high-energy slow-roll inflation, since   ρ−1 and ρ
is slowly decreasing. This behavior is absent in general
relativity, where  remains constant within this approx-
imation. Equation (40) shows that  is exponentially
amplied during high-energy radiation-domination; this
eect is absent from general relativity. Finally, the low-
energy radiation behavior is the same as in general rela-
tivity. These qualitative features are conrmed by a nu-
merical integration of Eq. (38) with a smoothly-changing
equation of state, as shown in Fig. 1.
In general relativity, the constancy of  during slow-
roll inflation and radiation- and matter-domination al-
lows one to estimate the amplication in . CMB large-
angle anisotropies place limits on the amplied , and
this in turn places constraints on the inflationary poten-
tial, since the potential determines the initial value of .
This simple picture is complicated by high-energy eects
in the brane-world. In particular,  is no longer constant
during inflation. Its evolution is model-dependent, which
means that placing limits on inflationary parameters is
more complicated. We do however have an estimate for
the inflationary evolution in Eq. (39).












FIG. 1. The evolution of  along a fundamental world-line
for a mode that is well beyond the Hubble horizon at
N = 0, about 50 e-folds before inflation ends, and remains su-
per-Hubble through the radiation era. The equation of state
used is w = 1
3
[(2 − α) tanh(N − 50) − (1 − α)], where α is a
small positive parameter (chosen as α = 0.1 in the plot). For
comparison, the general relativistic solution is also shown.
VI. CONCLUSION
Using the covariant local formalism developed in [4], we
have analyzed the evolution of super-Hubble scalar per-
turbations. Density inhomogeneity on the brane gener-
ates Weyl curvature in the bulk, which in turn backreacts
on the brane, in the form of a nonlocal energy-momentum
tensor. Fluctuations in the nonlocal energy density in-
duce a non-adiabatic mode in super-Hubble density per-
turbations. The fluctuations in the nonlocal energy flux
are decoupled from the density perturbations, while the
nonlocal anisotropic stress plays no role on super-Hubble
scales. This latter feature is what closes the system of
brane scalar perturbation equations, allowing brane ob-
servers to evaluate the perturbations without knowledge
of bulk dynamics.
We showed that the non-adiabatic eects arising from
high-energy inflation and the early high-energy radiation
era modify the simple picture of general relativity. The
local covariant version of the metric perturbation, i.e.,
, is no longer constant on super-Hubble scales dur-
ing these regimes. Computing the constraints on infla-
tionary potentials that are imposed by CMB large-angle
anisotropies is therefore more complicated, and more
model-dependent.
This means that determining observational constraints
on brane-world inflation will typically require numerical
integrations, even for large scales. However, we have not
5
pursued such an investigation, since the formalism we
have used is restricted to super-Hubble scales. When a
mode approaches the Hubble radius in the matter era,
the gradient terms can no longer be neglected, and the
presence of these terms means that the system of equa-
tions no longer closes on the brane. A fuller investiga-
tion requires a formalism that can track the evolution of
perturbations in the bulk. Such a formalism has been
developed [5], and our results perhaps provide a useful
initial step for further developments.
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